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Abstract

Thispaperpresentsa new algorithm that is capableof ex-
tractingcirclesfromcomplicatedandheavilycorruptedim-
ages. Thealgorithm usesa least-squaresfitting algorithm
for arc segments.Thearcsare segmentedby usingtheshort
straight lines which are extractedby a fast line extraction
algorithm. Thearc segmentsare usedto yield accuratecir-
cleparameters.Testsperformedonsyntheticandreal-world
imagesshowthat the algorithm quickly andaccurately ex-
tracts circles from complicatedand heavily corrupted im-
ages.

1 Intr oduction

Extractingcirclesfrom digital imageshasreceivedmuchat-
tentionfor several decadesin computervision. Therefore,
many algorithmshave beenpresented.The Hough trans-
form (HT) is thebestknown algorithm.In spiteof its popu-
larity owing to its simple theoryof operation,the HT has
someproblems. We point out, for instance,the compu-
tational burdenin the 3-dimensionalparameterspace. To
solvetheseproblems,severalmodifiedalgorithmshavebeen
proposedbasedon theHT [1, 2, 3, 4, 5]. However, theim-
provementsstill have someproblemssuchasthechoiceof
thresholds,finding peaksin the parameterspace,interfer-
encefrom abundantedgepixels,andpoortangentsandgra-
dientsof theedgepixels.

On theotherhand,severalalgorithmswhich do not use
histogramsin theparameterspacehave beenpresentedsuch
asa least-squaresfitting algorithm[6], an algorithmusing
geometricalsymmetryproperties[7], circleextractionusing
a geneticalgorithm [8] and the UpWrite [9]. Thesenon-
HT-basedalgorithmsmayextractcirclesfasterthattheHT-
basedalgorithmsbecausethey do not usehistogramsin the
parameterspace.

All the above mentionedalgorithmsprocessthe image
pixel by pixel. Thus,they sometimesfail in the following
situations:

� The circular objectsare embeddedin a complicated
background.

� Theinput imagehasmany extraneousedgepixels.

� Theinput imageis heavily corrupted.

Thesesituationsinterferewith the constructionof a robust
histogramin the parameterspaceaswell as the pairing of
edgepixels usedfor theestimationof circlesfor HT-based
andnon-HT-basedalgorithms.

In the work presentedhere, a new circle extraction
methodis proposedwhich doesnotneedaparameterspace.
It fits short straightlines to a circle by least-squares.The
shortstraightlines are determinedby usinga fast line ex-
tractionalgorithm[10]. This is possiblebecausecirclesare
representedasshortstraightlines in digital images. Also,
the line-fitting approachcanbe usedto improve the accu-
racy andspeedof thealgorithmin complicatedandheavily
corruptedimages.

2 Algorithm description

2.1 The least-squaresfitting algorithm

The least-squaresfitting algorithm is one of the most
commonlyusedmethodsfor finding the circle parameters������ �� � ���	 . We review this algorithmgiven in reference[6].
Given a set of pixels

� ��
 � ��

	 ��������� � ��� � ����	 which repre-
sentsa contourthat is assumedto belongto a circular arc,
weusetheleast-squaresfitting algorithmto approximatethe
curved segmentdefinedby the � pixels. The arc center� �� � ���	 andradius

��
areestimatedby minimizing thesumof

thesquarederrorsbetweentheradiusanddistancesfrom the
pixelsto thecenter.
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Settingto zerothepartial derivativesof � � ���� �� � ���	 with re-
spectto

��.� �� and �� , weobtain[6]
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Thedisadvantagesof this least-squaresfitting algorithmare
well known. For example,it is sensitive whenoutliersare
presentwith a moderatelevel of noisesuchas extraneous
edgepixels.Thereforewecannotadoptthismethodwithout
someimprovementson this least-squaresfitting algorithm
for complicatedand heavily corruptedimages. To avoid
theselimitations we useshort straight lines which are ex-
tractedby usinga fastline extractionalgorithm[10].

2.2 The fast line extraction (FLE) algorithm

We explain that themajordifferencebetweentheproposed
algorithm and other algorithms. Most conventional algo-
rithms computetangentsandgradientsfor eachpixel. The
proposedalgorithmuses,in contrast,theshortstraightlines
which approximatea circle. We have proposeda fast line
extractionalgorithm(FLE) [10] usingthedirectionsof line
segments.The FLE canextract shortstraightlines from a
circularcontourwith high accuracy andspeed.It canclas-
sify theshortstraightlinesof thecircleinto groupsI,II,III,IV
asshown in Fig. 1. Fig. 2 showsa circleseparatedinto seg-
mentsbelongingto thefour groups.Eachsegmentconsists
of two lines as illustratedby the solid lines in the figure.
Thus,thereare16 shortstraightlines presentin the circle.

Weusethis classificationin orderto find thecircle parame-
tersandreducecomputationalburden.Furtherinformation
on theFLE is found in reference[10]. Simultaneously, we
alsocaneasilyobtainthemid point
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 � ��
�	 � � � # � � # 	 of eachof theextractedshortstraightlines
by thefollowing equation:
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Figure1: Theassignedfour groupsof classification.

Figure2: The16 extractedshortstraight linesof a circle.

2.3 Ar c segmenting

Eacharcis segmentedusingtheextractedshortstraightlines
thathave beenassignedto oneof the four groups.Theap-
proximatecircleparameters

� ���� �� � ���	 andthetangent( C D F!G�H )
canbeestimatedby equations(1), (2), (3) and(4) for each
individualshortstraightline. Eachof thefour groupscanbe
furthersubdividedinto two arcs,onefacingtheotheracross
from theestimatedcenterpoint

� �� � ���	 .
For example,Fig. 3 shows the two subdivided groups

for groupI andIII linesby usingtheestimatedcenterpoints.
Eachsubdividedgroupfor thefour groupsis shown in Fig.
4. Therangeof eachsubdividedgroupis `Macb . This is very
importantbecauseby classifyingtheshortstraightlinesinto
oneof theeightgroups,it is easyto segmentthearcsin the
samegroup. We recordthe short straightlines, which are



extractedfrom one of the four groups,to form a set dfePg� 'ih �V�P� � � �6� 8 ��;j������� * . Simultaneously,
�k���� �� � ���	 , CYl �-min

anda subdivided group asshown in Fig. 3, areestimated
througheach

h �V�P� � .
2.3.1 Generatinga pair (

h �V�P� � ��h �����Yo )
It is not sufficent to estimatea part of a circle asa singleh �V�P� � . We pair two lines in oneof the four groupsif the
pair

� h �V�P� � ��h �����Yoi	 satisfiesthefollowing threeconstraints:

1. Thedistancebetweenthetwo mid points
� 0 � � � 0 � � 	 and� 0 ��o � 0 ��op	 of thepair

� h ����� � ��h �V�P�Yoi	 cannot exceeda
maximumdistance( q 8 ).

2. The interior angle
� C �rm 	 between the pair� h �V�P� � ��h �����Yop	 have to be within a limited range.

The interior angle
� C �-m 	 is obtainedfrom an inner-

product of the two vectorsbetweenthe intersection
point andtheeachmid point

� 0 � � � 0 � � 	 and
� 0 ��o � 0 ��op	

of the two short straight lines as shown in Fig.
5. The permissiblevalue of C �-m is determinedby

8ts acbvuwC �-m u 8txMy b becausetherangeis limited to `Macb
for eachof theeightgroups.

3. If thepair
� h �V�P� � ��h �����Yop	 satisfiesthe two constraints

mentionedabove,westartto estimatethecombinedcir-
cle parameters

� ��.� �� � ���	 by equations(1), (2) and(3).
To confirm the accuracy of estimatedparameters,we
usethedifferencebetweenthetwo tangents

� CYl �rmin 	 and
thetwo estimatedtangents

� C nKzK{ 	 which arecalculated
for the two mid points

� 0 � � � 0 � � 	 and
� 0 � o � 0 � o 	 of the

line pair by thefollowing equation:

C nKzK{}|�~�� ��I\JiL N 
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�� % 0 � ~

	 � �B� �@� �B� 	 � (5)

The pair
� h �V�P� � ��h �����Yop	 can be merged accordingto

the relationshipbetweenthe permissibleerror C nK� and
thedifferenceby thefollowing equation:

� C nBzK{}|�~�� % C l �rmin3|�~�� � u�C nK� � �}� ��� �}� 	 � (6)
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Figure 4: The eight groups of classification from four
groups.
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Figure5: Theinterior anglebetweentwo lines.

The pair
� h �V�P� � ��h ���P��oi	 which passesthis test, is used

in a combinatorial calculation for
h �V�P� � in dfe g . We

have to updatethe new tangent
� Ct¤ �\¥ 	 andnew mid point� 0 � � 43¦ 0 	 � � 0 � � 43¦ 0 	§oi	 of theestimated4�¦ 0 � . We alsorecord

the two points
� 0 �P
 � � 0 ��
 � 	w� � 0 � � � 0 � � 	 , � 0 � # � � 0 � # � 	¨�� 0 ��o � 0 ��oi	 of the pair as two extremity points of the arc.

The resultswhich are combinedwith the pairs facilitate a
subsequentprocedureandmove into a set dfeP© � ' 4�¦ 0 � �� h �V�P� � ��h ���P� o 	 � �$� 8 ��;j������� * .

2.3.2 Ar c merging

Wemakearcsegmentsusinga pair ( 4�¦ 0 � � 4�¦ 0 o ) from theset
dfe © with the following threeconstraints. The threecon-
straintsaresimilar with thepreviousthreeconstraints.

1. The distance between the two mid points� 0 � � 4�¦ 0 	 � � 0 � � 4�¦ 0 	 � 	 and
� 0 � � 4�¦ 0 	Vo � 0 � � 43¦ 0 	§oi	 of

the pair
� 4�¦ 0 � � 43¦ 0 o3	 can not exceed a maximum

distance( q ; ).

2. The interior angle
� C �-m 	 betweenthe pair with mid

points
� 0 � � 4�¦ 0 	 � � 0 � � 4�¦ 0 	 � 	 � � 0 � � 4�¦ 0 	Vo � 0 � � 4�¦ 0 	§oM	 have

to be within a limited range.The rangeis determined
by 8ts acbvuwC �rm u 8YxMy b .

3. If all theseconditionsaresatisfied,the algorithmesti-
matesthecombinedcircleparameters

� ��.� �� � ���	 . As de-
scribedpreviously, we cancalculateC nKzB{ with the fol-
lowing equation:

C nKzB{}|�~p� �(IKJML N 
 � 0 � ~ % ��
�� % 0 � ~

	 � �B� � 8 � ��; � � 8 �i��;E� 	 (7)



(a) (b)

Figure6: Theextractedshortstraight linesfroma circleand
8 arc segmentsclassifyingtheminto eightgroups.

with the eachof the four recordedextremity pointsof
thepair

� 4�¦ 0 � � 4�¦ 0 o3	 . Theequation:

� C nBzK{}|�~�� % C l �rmin3|�~�� � uwC nK� � �}� � 8 � ��; � � 8 �i��;E� 	 (8)

canbe usedto confirm the accuracy of the estimated
parameters.

Then the mergedcircle parameters
����.� �� � ���	 , the new tan-

gent,the new mid point, andthe two new extremity points
for thepair

� 4�¦ 0 � � 4�¦ 0 o 	 arerecordedinto theset dfe�© asa
new 4�¦ 0 � and 4�¦ 0 o is removed.Thisprocedureis performed
iteratively andprocessesthe restof the four groups,subse-
quently.

The resultsof all the segmentedarcsin the eachgroup
aremoved into a set ª�e � 'i«&�.¬ � �­43¦ 0 � � ��� 8 ��;j������� * .
Fig. 6(a)showstheestimatedcirclesfor eachof the55short
straightlines(thecircle consistsof 396pixels)from a circle
with a radiusof 70 pixels. Also, by usingthepreviouspro-
cedurewe canobtainthe8 arcsegmentsin theeightgroups
which are representedby the black squaresshown in Fig.
6(b).

2.4 Clustering arc segments

Once the segmentedarcs are available, the next stageis
to perform an interpretationprocessconsisting of three
stepswhich are similar to the previous procedure. Func-
tions ® 
t¯ # ¯ > � «��.¬ � ��«���¬ op	 in eachstepgive a value as-
sessingthe possibility that the clustersof arc segments«���¬ � ��«���¬ o maybepartof acircle.

2.4.1 Step1

Starting from the initial set ª°e , find the relationship
between the arc segments from any part of a con-
tour and between different contours. In the function
® 
 � «&�.¬ � ��«���¬ o 	 , we usethesamecircumferencecondi-
tion.

� ® 
 � «���¬ � ��«���¬ o�	 : First, we check C �rm between«���¬ � ��«���¬ o � �(±� � 	 . If C �-m exists within the range

givenby thefollowing equation:

8ts a b % q²`°³´C �rm ³ 8ts a b % q²` � (9)

the circle parameters
� ���� �� � ��k	 areestimatedby equa-

tions (1), (2), and(3). To confirm theaccuracy of pa-
rameters,wecalculateC nKzB{ usingthewith four extrem-
ity pointsby equation(7). If the relationshipbetween
eachtangentCYl �rmin from the four extremity pointsand
C nKzB{ satisfy equation(8), the merged circle parame-
ters

� ��.� �� � ���	 anda new C ¤ ��¥ andthe two extremities� 0 � 
 � � 0 � 
 � 	 � � 0 � # � � 0 � # � 	 for the pair
� «���¬ � ��«&�.¬ o 	

arerecordedin theset ª°e asa new
«��.¬ � and

«���¬ o
is removed.

Whentheterminationconditionis satisfied,theresultsarea
set ª�e of clustersof arcsegmentswhichmayrepresentpart
of thesamecircumference.

2.4.2 Step2

Startingfrom theinitial set ª�e generatedin step1, thepro-
cedureis almostthesameexceptthat thevalueof C �rm is set
at µ y b insteadof 8ts acb , betweenthearcsegmentsin thefunc-
tion ® # � «��.¬ � ��«��.¬ o 	 .

2.4.3 Step3

Finally, in step3 a criteriondecideswhethera segment,or
a clusterof segments,representsa circle, clusteringthem
together. The parametersof the circle are then estimated
usingbothcandidatesclusters

«���¬ � ��«��.¬ o .
� ® > � «��.¬ � ��«��.¬ o3	&¶ After finishingsteps1 and2, the

estimatedclusterof arc segmentsand their circle pa-
rametersare recordedin the set ª°e . If the two arcs
satisfyby thefollowing equation:

�K� �� � % �� o � � � �� � % ���o � � � �� � % ���o � 	 u¨q s � (10)

wefinally estimatethecircleparameters
����.� �� � ���	 asan

extractedcircleandremoved
«���¬ o in ª�e .

After finishingthis all process,we canexpectto extractthe
circlesfrom theset ª�e � 'i«��.¬ � � �$� 8 ��;j������� * if thenum-
berof edgepixelsrepresentsat least40· of thetotal pixels
of thecircumference.

3 Experiments

All testswereperformedon 480 ¸ 480binaryimagesusing
a600–MHzPentium–IIIprocessor. Theconstrainingthresh-
oldsin all experimentsaresetat q 8 � ` y pixels,q ; � 8tyMy
pixels, q s � ; y pixels,and C nB� and q²` � 8ty b .



(a)Testimage1. (b) 0 · specklenoise.

(c) 5 · specklenoise. (d) 10· specklenoise.

(e)15· specklenoise. (f) 20· specklenoise.

Figure7: Experiment(1).

3.1 Experiment (1)

Thealgorithmwastestedon the complicatedsyntheticim-
agethat is shown in Fig. 7(a). Testimage1 consistsof 40
circleswith radii rangingfrom 18 to 170 pixels. To prove
therobustnessof theproposedalgorithm,we randomlycor-
ruptedtheimageby addingspecklenoise.Thedefinitionof
thenoiselevel is takenfrom reference[9]. Thenoiselevels
are0 · , 5 · , 10· , 15· , and20· . The resultsare shown
in Table1 andFig. 7. Theproposedalgorithmquickly and
accuratelyextractedcircles. However, not all of thecircles
areextractedfrom the imageswith noiselevels from 10·
to 20· becausethe shortstraightlines of thesmall circles
werenotextracteddueto theinfluenceof theheavy speckle
noiseasshown in Fig. 8.
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Figure8: Extractedcirclesfromeach noiselevel.

Table1: Experimentalresults(1) : A (numberof pixels),B
(numberof lines),C (incorrectcircle),D (missedcircles),E
(correctcircles),F (noiselevel ), G (executiontime).

7(b) 7(c) 7(d) 7(e) 7(f)
A 12040 22708 32894 42537 51646
B 1609 1567 1578 1781 2348
C 0 0 1 2 2
D 0 0 0 2 4
E 40 40 40 38 36
F 0 · 5 · 10 · 15· 20 ·
G 0.71(s) 0.71(s) 0.71(s) 0.78(s) 1.0(s)

3.2 Experiment (2)

In thissection,wecomparedouralgorithmto HT-basedand
non-HT-basedalgorithmsfor real-worldimagesasshown in
Fig. 9(a)and(b). Testimages2 and3 wereextractedwith a
Canny edgeoperator[11] asshown in Fig. 9(c)and(d). Test
image2 consistsof somecoinswith occludedpixels rang-
ing from 30· to 50· . It alsohasothercircularobjectswith
concentriccircles. Testimage3 hastraffic signscontaining
two concentriccirclesandonecirclewhichareembeddedin
a complicatedbackgroundcondition. First, somerepresen-
tativeHT-basedalgorithms,T–HT [1], D–HT [3], Y–HT [5],
wereperformed. SinceY–HT wasdevelopedto extractel-
lipses,we modifiedit a little to extractonly circles,but the
original ideais thesamewhich is acombinationalcomputa-
tion. Fig.10showstherelationshipbetweenthepeakthresh-
old andthe numberof selectedcandidatecenterpointsfor
the test images. From Fig. 10, it canbe seenthat finding
a peakvalue is very difficult. If we choosea high thresh-
old, an occludedcircle can not be selectedas a candidate
centerpoint. On theotherhand,if we usea low threshold,
many falsecandidatecenterpointswill be selected.Table
2 shows the time requiredto calculatetheparameterspace.
In thenon-HT-basedalgorithms,we first ran the algorithm
usinggeometricalsymmetryproperites[7]. Thekey of the
algorithmis to detectverticalandhorizontallines.Sincethe
algorithmdoesnot usea histogramin theparameterspace,
the speedis very fast if the input imageshave perfectcir-



(a)Coinsandcircularobjects. (b) Traffic signs.

(c) Testimage2. (d) Testimage3.

Figure9: Real-worldimages.

Table2: Theexecutiontimeof eachHT-basedalgorithm.
T–HT D–HT Y–HT

Testimage2 16.25(s) 2.37(s) 62(s)
Testimage3 80.0(s) 4.11(s) 297(s)

cles and un-complicatedbackgroundconditionsas shown
Fig. 11(a)and(b). However, we failedto detectverticaland
horizontallines from test image2 and3 becauseof many
extraneousedgepixels asshown in Fig. 11(c)and(d). The
remainingnon-HT-basedalgorithmsarethecircleextraction
methodusinga geneticalgorithm (CGA) [8] and the Up-
Write [9]. A primitive CGA wasdevelopedto detectarbi-
trary objects. We changedsomeparametersfor extracting
only circles.Theresultingimagesareshown in Fig. 12. The
CGA extractedsomecircleswhich have perfectcircumfer-
ences.However, theCGA failed to extractfor occludedcir-
cleswith complicatedbackgroundfrom the imagesshown
in Fig. 12(a) andFig. 12(b). The reasonsare that the fit-
nessfunction is very sensitive in complicatedbackgrounds
becausethe CGA usesthe fitnessvalue to confirm circles

Table3: Theexecutiontimeof theCGA andUpWrite algo-
rithm.

UpWrite CGA
testimage2 108(s) 122(s)
testimage3 466(s) 67(s)
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Figure10: Therelationshipbetweenpeakthresholdingand
thenumberof candidatecenterpoints.

with a distancetransformation.The UpWrite usesthespot
algorithmandtheprogramwasdownloadedfrom theInter-
net [12]. TheUpWrite is very slow becausethe spotalgo-
rithm hasa long computationaltime. Also, in the caseof
complicatedbackgroundinterfereit is difficult to makean
accuratelocal modelasshown in Fig. 12 (c) and(d). Table
3 shows theexecutiontimesfor theCGA andtheUpWrite
algorithms.

3.3 Experiment (3)

Our proposedalgorithm was used in experiment (3) for
test image2 and3. The resultsareshown in Table4 and
Fig. 13(a)and(b). Theproposedalgorithmextractedall cir-
clesevencontainingsomeocclusion,concentriccircleseven
whenembeddedin complicatedbackgroundimageswith ac-
curacy, speed,and robustness.Also, to show that the al-
gorithmis robustcorruptedimageswith 10· specklenoise
weretested.FromFig. 13(c)and(d) it canbeseenthat the



(a) Synthesisimage. (b) Resultof synthesisimage.

(c) Resultof testimage2. (d) Resultof testimage3.

Figure11: Resultsof the horizontalandvertical scanning
transformprocedure.

Table4: Experimentalresults(2) : A (numberof pixels),
B (numberof lines), C (correct circles),D (noiselevel), E
(executiontime).

A B C D E
testimage2 15923 935 6 0· 0.25(s)
testimage3 34158 1383 3 0· 0.35(s)
testimage2 36360 1126 6 10· 0.44(s)
testimage3 52838 3324 3 10· 1.25(s)

proposedalgorithmextractedthecircleswith highspeedand
accuracy.

4 Discussion

In this section,we discussthe resultsof the experiments.
Experiment(1), shown in Fig. 7, teststhecomplicatedand
variouslysizedcircles. Our proposedalgorithmcanextract
the circles with accuracy, speed,and robustness. Experi-
ment(2), shown in Fig. 9, usescomplicatedreal-worldim-
agesto test accuracy, speed,and robustnessfor HT-based
andnon-HT-basedalgorithms. Y–HT usingcombinatorial
computationcan accumulaterobust histogramsfor perfect
andoccludedcircleswith complicatedbackgroundimages.
However, thespeedasshown in Table2 is veryslow. D–HT
is a very simple algorithmandfasterthanotherHT-based
algorithms.However, it is very difficult to decidea suitable

(a) CGA. (b) CGA.

(c) UpWrite. (d) UpWrite.

Figure12: Resultof theCGA andUpWritealgorithms.

peakthreshold. In particular, sincethe algorithm utilized
line-beamaccumulatingfrom eachedgepixel, histograms
respondsensitively to extraneousedgepixels. Thegeomet-
rical algorithmis alsovery sensitive to occludedcirclesand
extraneousedgepixels. Thoughthe CGA andUpWrite do
not usea parameterspace,theaccuracy, speed,androbust-
nessarevery low. All thesepreviousalgorithmsmayextract
circlesaccuratelyandquickly undersomerestrictedcondi-
tions. Our algorithm doesnot usea histogramparameter
spacelike the non-HT-basedalgorithms.However, we can
obtainthe resultswith accuracy, speed,androbustnessbe-
causeouralgorithmusesshortstraightlinesinsteadof using
eachedgepixel. Our algorithmis very flexible for various
real-worldimagesandwedid notneedto controltheparam-
etersfor eachof thetestimages1,2,and3.

5 Conclusion

This paperhaspresenteda new circle extractionalgorithm-
usingshortstraightlinesthatis capableof extractingcircles
with high accuracy andspeed,andis robust in thepresence
of heavy noise. The accuracy andspeedof most conven-
tionalmethodsdependonthenumberof edgepixelsbecause
they processthe imagepixel by pixel. Our algorithmuses
shortstraightlines insteadof individual edgepixels. This
conceptfacilitatestheestimationof circleparametersby us-
ing theleast-squaresalgorithm.Theproposedalgorithmcan



(a)0 · specklenoise. (b) 0 · specklenoise.

(c) 10· specklenoise. (d) 10· specklenoise.

Figure13: Resultsof theproposedalgorithm.

beextendedto extractingellipses.
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