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Abstract

This paperpresentsa new algorithmthat is capableof ex-
tractingcirclesfromcomplicatedand heavilycorruptedim-
ages. Thealgorithm usesa least-squags fitting algorithm
for arc sgments.Thearcs are sggmentedy usingtheshort
straight lines which are extractedby a fastline extraction
algorithm. Thearc sggmentsare usedto yield accuate cir-
cle parametersTestsperformedon syntheticandreal-world
imagesshowthat the algorithm quidkly and accurately ex-
tracts circles from complicatedand heavily corruptedim-
ages.

1 Intr oduction

Extractingcirclesfrom digital imageshasreceved muchat-
tentionfor several decadesn computervision. Therefore,
mary algorithmshave beenpresented. The Hough trans-
form (HT) is the bestknown algorithm. In spiteof its popu-
larity owing to its simple theory of operation,the HT has
someproblems. We point out, for instance,the compu-
tational burdenin the 3-dimensionalparameterspace. To

solvetheseproblemsseveralmodifiedalgorithmshave been
proposedasedontheHT [1, 2, 3, 4, 5]. However, theim-

provementsstill have someproblemssuchasthe choiceof

thresholds finding peaksin the parameteispace,interfer

encefrom atundantedgepixels,andpoortangentsandgra-
dientsof theedgepixels.

On the otherhand,several algorithmswhich do not use
histogramsn theparametespacéehave beenpresentedguch
asa least-squarefitting algorithm[6], an algorithmusing
geometricasymmetrypropertieq7], circle extractionusing
a geneticalgorithm [8] andthe UpWrite [9]. Thesenon-
HT-basedalgorithmsmay extract circlesfasterthatthe HT-
basedalgorithmsbecauséhey do not usehistogramsn the
parametespace.

All the abore mentionedalgorithmsprocesshe image
pixel by pixel. Thus,they sometimedail in the following
situations:

e The circular objectsare embeddedn a complicated
background.

e Theinputimagehasmary extraneousdgepixels.
e Theinputimageis heaily corrupted.

Thesesituationsinterferewith the constructionof a robust
histogramin the parameteispaceas well asthe pairing of
edgepixels usedfor the estimationof circlesfor HT-based
andnon-HTFbasedalgorithms.

In the work presentedhere, a new circle extraction
methodis proposedvhich doesnot needa parametespace.
It fits shortstraightlines to a circle by least-squaresThe
shortstraightlines are determinedby usinga fastline ex-
tractionalgorithm[10]. Thisis possiblebecauseirclesare
representeds shortstraightlines in digital images. Also,
the line-fitting approachcan be usedto improve the accu-
ragy andspeedof the algorithmin complicatedand heavily
corruptedmages.

2 Algorithm description

2.1 The least-squaesfitting algorithm

The least-squareditting algorithm is one of the most
commonlyusedmethodsfor finding the circle parameters
(R, Z,7). We review this algorithmgiven in reference6].
Given a setof pixels (z1,41), ..., (zn,yn) Which repre-
sentsa contourthatis assumedo belongto a circular arc,
we usetheleast-squarestting algorithmto approximatehe
cuned sggmentdefinedby the N pixels. The arc center
(#, ) andradiusR areestimatedby minimizing the sumof
thesquarecerrorshetweertheradiusanddistancegrom the
pixelsto thecenter

min  e(R,Z,7) = Z[R2 —{(xi —2)* + (g — 9)*}

Settingto zerothe partial derivativesof e(R, z, i) with re-
spectto R, Z andy, we obtain[6]
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Thedisadwantagef this least-squarefitting algorithmare
well known. For example,it is sensitve whenoutliersare
presentwith a moderateevel of noisesuchas extraneous
edgepixels. Thereforewe cannotadoptthis methodwithout

someimprovementson this least-squarefitting algorithm
for complicatedand heavily corruptedimages. To avoid

theselimitations we useshort straightlines which are ex-

tractedby usingafastline extractionalgorithm[10].

2.2 Thefastline extraction (FLE) algorithm

We explain thatthe major differencebetweenthe proposed
algorithm and other algorithms. Most conventional algo-
rithms computetangentsand gradientsfor eachpixel. The
proposedalgorithmuses,n contrastthe shortstraightlines
which approximatea circle. We have proposeda fast line
extractionalgorithm(FLE) [10] usingthe directionsof line
segments. The FLE canextract shortstraightlines from a
circular contourwith high accurag andspeed.It canclas-
sify theshortstraightinesof thecircleinto groupsl,IL 11,1V
asshavnin Fig. 1. Fig. 2 shavs acircle separatedto sey-
mentsbelongingto the four groups.Eachsegmentconsists
of two lines as illustrated by the solid lines in the figure.
Thus,thereare 16 shortstraightlines presentn the circle.

We usethis classificatiorin orderto find the circle parame-
tersandreducecomputationaburden. Furtherinformation
onthe FLE is foundin referencg10]. Simultaneouslywe
alsocaneasilyobtainthemid point(cx = (z1+22)/2, cy =
(y1 + y=2)/2) andtangent(fy;,,.) from the extremity points
(z1,91), (z2, y2) of eachof theextractedshortstraightlines
by thefollowing equation:
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Figure2: The 16 extractedshortstraightlinesof a circle.

2.3 Arcsegmenting

Eacharcis sggmentedusingtheextractedshortstraightines
thathave beenassignedo oneof the four groups. The ap-
proximatecircle parameter§R, z, §) andthetangeni(f;;,.)
canbe estimatedby equationg1), (2), (3) and(4) for each
individual shortstraightline. Eachof thefour groupscanbe
furthersubdvidedinto two arcs,onefacingthe otheracross
from the estimateccenterpoint(z, ).

For example, Fig. 3 shaws the two subdvided groups
for groupl andlll linesby usingtheestimatedtentermpoints.
Eachsubdvidedgroupfor thefour groupsis shavn in Fig.
4. Therangeof eachsubdvided groupis 45°. Thisis very
importantbecauséy classifyingthe shortstraightlinesinto
oneof the eightgroups,it is easyto sggmentthe arcsin the
samegroup. We recordthe short straightlines, which are



extractedfrom one of the four groups,to form a setLS;
= {Line;,i = 1,2,...}. Simultaneously(R, %, 7), Oiine
anda subdvided groupasshawn in Fig. 3, areestimated
througheachLine;.

2.3.1 Generatinga pair (Line;, Line;)

It is not sufficent to estimatea part of a circle asa single
Line;. We pair two lines in one of the four groupsif the
pair (Line;, Line;) satisfieghefollowing threeconstraints:

1. Thedistanceébetweerthetwo mid points(cz;, cy;) and
(cxj, cy;) of thepair (Line;, Line;) cannot exceeda
maximumdistancgD1).

2. The interior angle (6,,) between the pair
(Line;, Linej) have to be within a limited range.
The interior angle (6;,,) is obtainedfrom an inner
product of the two vectors betweenthe intersection
point andthe eachmid point (cz;, cy;) and(cz;, cy;)
of the two short straight lines as shovn in Fig.
5. The permissiblevalue of 6;, is determinedby
135° < 6;,, < 180° becaus¢herangeis limited to 45°
for eachof the eightgroups.

3. If thepair (Line;, Line;) satisfiesthe two constraints
mentionedbove, we startto estimatehecombinectir-
cle parameterg R, #, 7/) by equationg1), (2) and(3).
To confirm the accurag of estimatedparametersye
usethedifferencebetweerthetwo tangentg6;;,,. ) and
thetwo estimatedangentd6.;) which arecalculated
for the two mid points (cz;, cy;) and(cx;, cy;) of the
line pair by thefollowing equation:

CTr — T
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The pair (Line;, Line;) canbe meged accordingto
the relationshipbetweerthe permissibleerror 6., and
thedifferenceby thefollowing equation:

|eest(k) - 91ine(k)| < Ocr, (k = 77]) (6)
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Figure5: Theinterior anglebetweertwolines.

The pair (Line;, Line;) which passeghis test, is used
in a combinatorial calculationfor Line; in LS. We
have to updatethe new tangent(6,,.) and new mid point
(cxz(arc);, cy(arc);) of the estimateduirc;. We alsorecord
the two points (cz14, cy1;) = (cxi, cyi), (cxas, cyz) =
(cxj, cy;) of the pair astwo extremity points of the arc.
The resultswhich are combinedwith the pairs facilitate a
subsequenprocedureandmove into asetLS, = {arc; =
(Line;, Linej),i =1,2,...}.

2.3.2 Arcmerging

We makearcsegmentsusinga pair (arc;, arc;) from theset
LS with the following threeconstraints. The three con-
straintsaresimilar with the previousthreeconstraints.

1. The distance between the two mid points
(cxz(arc)s, cy(arc);) and (cz(arc);, cy(arc);) of
the pair (arc;, arc;) can not exceed a maximum
distancg D2).

2. The interior angle (6;,,) betweenthe pair with mid
points(cz(arc);, cy(arc);), (cz(arc);, cy(arc);) have
to bewithin alimited range. Therangeis determined
by 135° < 6;, < 180°.

3. If all theseconditionsaresatisfied the algorithmesti-
matesthecombinedcircle parameter$R, z, 7). As de-
scribedpreviously, we cancalculated,. ,; with thefol-
lowing equation:
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Figure6: Theextractedshortstraightlinesfroma circleand
8 arc sgmentglassifyingtheminto eightgroups.

with the eachof the four recordedextremity points of
thepair (arc;, arc;). Theequation:

(8)

canbe usedto confirm the accurag of the estimated
parameters.

|eest(k) - 91ine(k)| < 967‘7 (k = 117 277 1.77 2])

Thenthe meged circle parameterg R, #, ), the new tan-
gent,the new mid point, andthe two new extremity points
for the pair (arc;, arc;) arerecordednto thesetLS, asa
new arc; andarc; is removed. This procedurds performed
iteratively andprocesseshe restof the four groups,subse-
quently

The resultsof all the segmentedarcsin the eachgroup
aremovedinto asetAS = {ARC; = arc;,i = 1,2,...}.
Fig. 6(a)shavstheestimatecirclesfor eachof the55 short
straightlines (thecircle consistof 396 pixels) from a circle
with aradiusof 70 pixels. Also, by usingthe previous pro-
cedurewe canobtainthe 8 arc segmentsin the eightgroups
which are representedby the black squaresshowvn in Fig.
6(b).

2.4 Clustering arc segments

Once the sggmentedarcs are available, the next stageis
to perform an interpretationprocessconsisting of three
stepswhich are similar to the previous procedure. Func-
tions Hy 2 3(ARC;, ARC;) in eachstepgive a value as-
sessingthe possibility that the clustersof arc sgments
ARC;, ARC; maybepartof acircle.

24.1 Stepl

Starting from the initial set AS, find the relationship
between the arc seggments from ary part of a con-
tour and betweendifferent contours. In the function
H,(ARC;, ARC}), we usethe samecircumferencecondi-
tion.

e H.(ARC;, ARCj): First, we check 0;, between
ARC;, ARC;(i # j). If 0;, existswithin the range

givenby thefollowing equation:

135° — D4 < 60;, < 135° — D4, (9)
the circle parameterz{f%, Z,7) areestimatedby equa-
tions (1), (2), and(3). To confirmthe accurag of pa-
rametersye calculated.s; usingthewith four extrem-
ity pointsby equation(7). If therelationshipbetween
eachtangentd;;,. from the four extremity pointsand
0. satisfy equation(8), the meiged circle parame-
ters (]:2, Z,7) anda new 0,,.. andthe two extremities
(Cﬂ?li, Cyli)a (Cﬂ?gi, Cygi) for the pair (ARC“ ARC])
arerecordedn thesetAS asanew ARC; and ARC;
is removed.

Whentheterminationconditionis satisfiedtheresultsarea
setAS of clustersof arcsggmentswhichmayrepresenpart
of thesamecircumference.

2.4.2 Step2

Startingfrom theinitial setAS generatedh stepl, thepro-
cedureis almostthe sameexceptthatthe valueof 6, is set
at90° insteadof 135°, betweerthearcsegmentsin thefunc-
tion H, (AROIL ARC])

2.4.3 Step3

Finally, in step3 a criterion decideswhethera sggment,or

a clusterof seggments,represents circle, clusteringthem
together The parameter®f the circle are then estimated
usingboth candidateslustersARC;, ARC;.

e H3(ARC;, ARC)) : After finishingstepsl and2, the
estimatedclusterof arc sgmentsand their circle pa-
rametersare recordedin the set AS. If thetwo arcs
satisfyby thefollowing equation:

(IR; — R, |# — 5], |9 — g3]) < D3, (10)
wefinally estimatethecircle parameter$R, z, ) asan
extractedcircleandremored ARC); in AS.

After finishingthis all processwe canexpectto extractthe
circlesfromthesetAS = {ARC;,i = 1,2, ...} if thenum-
berof edgepixelsrepresentsit least40% of thetotal pixels
of thecircumference.

3 Experiments

All testswereperformedon 480 x 480binaryimagesusing
a600—MHzPentium—lllprocessarTheconstraininghresh-
oldsin all experimentsaresetat D1 = 40 pixels,D2 = 100
pixels, D3 = 20 pixels,andf.,- and D4 = 10°.



(a) Testimagel.

(b) 0% specklenoise.

(c) 5% specklenoise. (d) 10% specklenoise.

(e) 15% specklenoise. (f) 20% specklenoise.

Figure7: Experimen(1).

3.1 Experiment (1)

The algorithmwastestedon the complicatedsyntheticim-
agethatis shovn in Fig. 7(a). Testimagel consistsof 40
circleswith radii rangingfrom 18 to 170 pixels. To prove
therobustnes®f the proposedalgorithm,we randomlycor
ruptedtheimageby addingspecklenoise.The definitionof
the noiselevel is takenfrom referencg9]. The noiselevels
are 0%, 5%, 10%, 15%, and 20%. The resultsare shavn
in Table1 andFig. 7. The proposedalgorithmquickly and
accuratelyextractedcircles. However, not all of the circles
are extractedfrom the imageswith noiselevels from 10%
to 20% becausehe shortstraightlines of the small circles
werenot extracteddueto theinfluenceof the heary speckle
noiseasshavn in Fig. 8.

30
correct circle  —=--
2 incorrect circle

missed circle =t

number of circle

10

5 10 15 20
noise level(%)

Figure8: Extractedcirclesfromead noiselevel.

Tablel: Experimentakesults(l) : A (numberof pixels),B
(numberoflines),C (incorrectcircle), D (missectircles),E
(correctcircles),F (noiselevel), G (executiontime).

7(b) 7(c) 7(d) 7(e) 7(H)
A [ 12040 | 22708 | 32894 | 42537 | 51646
B | 1609 | 1567 | 1578 | 1781 | 2348
c| o 0 1 2 2
D| o 0 0 2 4
E| 40 40 40 38 36
F| 0% | 5% | 10% | 1% | 20%
G | 0.71(s)| 0.71(s)| 0.71(s)| 0.78(s)| 1.0(s)

3.2 Experiment (2)

In this sectionwe comparedur algorithmto HT-basedand
non-HTFbasedlgorithmsfor real-worldimagesasshavn in
Fig. 9(a)and(b). Testimages2 and3 wereextractedwith a
Canry edgeoperatof11] asshavn in Fig. 9(c)and(d). Test
image?2 consistsof somecoinswith occludedpixels rang-
ing from 30% to 50%. It alsohasothercircularobjectswith
concentriccircles. Testimage3 hastraffic signscontaining
two concentriccirclesandonecircle whichareembeddedh
a complicatedbackgroundcondition. First, somerepresen-
tative HT-basedhlgorithms, T-HT [1], D-HT [3], Y-HT [5],
wereperformed. SinceY—HT wasdevelopedto extractel-
lipses,we modifiedit alittle to extractonly circles,but the
originalideais thesamewhichis acombinationatomputa-
tion. Fig. 10shavstherelationshipbetweernthepeakthresh-
old andthe numberof selectedcandidatecenterpointsfor
the testimages. From Fig. 10, it canbe seenthat finding
a peakvalueis very difficult. If we choosea high thresh-
old, an occludedcircle can not be selectedas a candidate
centerpoint. On the otherhand,if we usea low threshold,
mary false candidatecenterpointswill be selected. Table
2 shawvs the time requiredto calculatethe parametespace.
In the non-HT-basedalgorithms,we first ran the algorithm
usinggeometricaksymmetryproperiteg7]. Thekey of the
algorithmis to detectverticalandhorizontallines. Sincethe
algorithmdoesnot usea histogramin the parametespace,
the speedis very fastif the inputimageshave perfectcir-



(a) Coinsandcircularobijects. (b) Traffic signs.

(c) Testimage2. (d) Testimage3.

Figure9: Real-worldimages.

Table2: Theexecutiontime of eachHT-basedalgorithm.

T-HT [ D-HT | Y-HT
Testimage2 | 16.25(s)| 2.37(s)| 62(s)
Testimage3 | 80.0(s) | 4.11(s)| 297(s)

cles and un-complicatedbackgroundconditionsas shovn
Fig. 11(a)and(b). However, we failed to detectverticaland
horizontallines from testimage2 and 3 becauseof mary
extraneousedgepixels asshavn in Fig. 11(c)and(d). The
remainingnon-HTFbasedlgorithmsarethecircle extraction
methodusing a geneticalgorithm (CGA) [8] andthe Up-
Write [9]. A primitive CGA wasdevelopedto detectarbi-
trary objects. We changedsomeparametergor extracting
only circles. Theresultingimagesareshavnin Fig. 12. The
CGA extractedsomecircleswhich have perfectcircumfer
encesHowever, the CGA failed to extractfor occludedcir-
cleswith complicatedbackgroundrom the imagesshovn
in Fig. 12(a)and Fig. 12(b). The reasonsarethat the fit-
nessfunctionis very sensitve in complicatedbackgrounds
becausdhe CGA usesthe fithessvalue to confirm circles

Table3: Theexecutiontime of the CGA andUpWrite algo-
rithm.

UpWrite | CGA
testimage2 | 108(s) | 122(s)
testimage3 | 466(s) | 67(s)
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(C) Y-HT.

Figure10: Therelationshipbetweerpeakthresholdingand
thenumberof candidatecenterpoints.

with a distancetransformation.The UpWrite usesthe spot
algorithmandthe programwasdownloadedfrom the Inter
net[12]. The UpWrite is very slow becausehe spotalgo-
rithm hasa long computationatime. Also, in the caseof
complicatedbackgroundnterfereit is difficult to makean
accuratdocal modelasshavn in Fig. 12 (c) and(d). Table
3 shaws the executiontimesfor the CGA andthe UpWrite
algorithms.

3.3 Experiment (3)

Our proposedalgorithm was usedin experiment (3) for
testimage2 and3. The resultsare shavn in Table4 and
Fig. 13(a)and(b). The proposedlgorithmextractedall cir-
clesevencontainingsomeocclusionconcentriccircleseven
whenembeddedh complicateackgroundmageswith ac-
curag, speed,and robustness. Also, to shav that the al-
gorithmis robustcorruptedimageswith 10% specklenoise
weretested.FromFig. 13(c)and(d) it canbe seenthatthe



(a) Synthesismage. (b) Resultof synthesismage.

(c) Resultof testimage?2. (d) Resultof testimage3.

Figure 11: Resultsof the horizontaland vertical scanning
transformprocedure.

Table4: Experimentalresults(2) : A (numberof pixels),
B (numberof lines), C (correctcircles), D (noiselevel), E
(executiontime).

A B C D E
testimage2 | 15923 | 935 | 6 | 0% | 0.25(s)
testimage3 | 34158 | 1383 | 3 | 0% | 0.35(s)
testimage2 | 36360 | 1126 | 6 | 10% | 0.44(s)
testimage3 | 52838 | 3324 | 3 | 10% | 1.25(s)

proposedlgorithmextractedthecircleswith highspeedand
accurag.

4 Discussion

In this section,we discussthe resultsof the experiments.
Experiment(1), shavn in Fig. 7, teststhe complicatedand
variouslysizedcircles. Our proposedalgorithmcanextract
the circles with accurag, speed,and robustness. Experi-

ment(2), shavn in Fig. 9, usescomplicatedreal-worldim-

agesto testaccuray, speed,and robustnessor HT-based
and non-HFbasedalgorithms. Y-=HT using combinatorial
computationcan accumulaterobust histogramsfor perfect
andoccludedcircleswith complicatedbackgroundmages.
However, thespeedasshovn in Table2 is very slov. D—HT

is a very simple algorithm and fasterthan other HT-based
algorithms.However, it is very difficult to decidea suitable

(@) CGA. (b) CGA.

(c) UpWrite. (d) UpWrite.

Figure12: Resultof the CGA andUpWrite algorithms.

peakthreshold. In particular sincethe algorithm utilized

line-beamaccumulatingfrom eachedgepixel, histograms
respondsensitively to extraneousedgepixels. The geomet-
rical algorithmis alsovery sensitve to occludedcirclesand

extraneousedgepixels. Thoughthe CGA and UpWrite do

not usea parametespacethe accurag, speedandrobust-

nessareverylow. All thesepreviousalgorithmsmayextract

circlesaccuratelyand quickly undersomerestrictedcondi-

tions. Our algorithm doesnot usea histogramparameter
spacelike the non-HTbasedalgorithms. However, we can

obtainthe resultswith accurayg, speedandrobustnesse-

causeour algorithmusesshortstraightlinesinsteadof using

eachedgepixel. Our algorithmis very flexible for various

real-worldimagesandwe did notneedto controltheparam-
etersfor eachof thetestimagesl,2,and3.

5 Conclusion

This paperhaspresentedi new circle extractionalgorithm-
usingshortstraightlinesthatis capableof extractingcircles
with high accurag andspeedandis robustin the presence
of heary noise. The accurag and speedof mostcorven-
tionalmethodsiependnthenumberof edgepixelsbecause
they procesghe imagepixel by pixel. Our algorithmuses
shortstraightlines insteadof individual edgepixels. This
concepfacilitatesthe estimatiorof circle parameterdy us-
ing theleast-squarealgorithm. The proposedilgorithmcan



(a) 0% specklenoise. (b) 0% specklenoise.

(c) 10% specklenoise. (d) 10% specklenoise.

Figure13: Resultsof the proposedalgorithm.

beextendedto extractingellipses.
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